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Abstract
We find the Hamiltonian expression in the York basis of canonical ADM tetrad gravity of the 4-
Weyl tensor of the asymptotically Minkowskian space-time. Like for the 4-Riemann tensor we find a
radar tensor (whose components are 4-scalars due to the use of radar 4-coordinates), which coincides
with the 4-Weyl tensor on-shell on the solutions of Einstein’s equations. Then, by using the
Hamiltonian null tetrads, we find the Hamiltonian expression of the Weyl scalars of the Newman-
Perose approach and of the four eigenvalues of the 4-Weyl tensor.
After having introduced the Dirac observables of canonical gravity, whose determination requires
the solution of the super-Hamiltonian and super-momentum constraints, we discuss the connection
of the Dirac observables with the notion of 4-scalar Bergmann observables. Due to the use of
radar 4-coordinates these two types of observables coincide in our formulation of canonical ADM
tetrad gravity. However, contrary to Bergmann proposal, the Weyl eigenvalues are shown not to
be Bergmann observables, so that their relevance is only in their use (first suggested by Bergmann
and Komar) for giving a physical identification as point-events of the mathematical points of the
space-time 4-manifold.
Finally we give the expression of the Weyl scalars in the Hamiltonian Post-Minkowskian lineariza-
tion of canonical ADM tetrad gravity in the family of (non-harmonic) 3-orthogonal Schwinger time
gauges.
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I. INTRODUCTION.
The results of the first paper [1], which will be denoted as I in what follows with its
equations denoted as I-(..), will be used in this second paper to get the Hamiltonian 4-Weyl
radar tensor (equal to the 4-Weyl tensor on-shell) and the Hamiltonian expression of the
Weyl scalars of the Newman-Penrose formalism [2, 3] in the York basis of the formulation
of canonical ADM tetrad gravity developed in Refs. [4–7]. This will allow us to get the
Hamiltonian expression of the four Weyl eigenvalues (4-scalars independent from the choice
of the null tetrads).
Then we will show that if one would be able to solve the super-Hamiltonian and super-
momentum constraints then it would be possible to find a Shanmugadashan canonical trans-
formation from the York basis to a final canonical basis adapted to all the 14 first-class con-
straints of canonical ADM tetrad gravity. This would allow to find the final Dirac observables
(DO) of the gravitational field as two conjugate pairs of canonical variables invariant under
all the Hamiltonian gauge transformations. Like the tidal variables of the York basis, these
DO’s would be 3-scalars of the instantaneous 3-spaces of the 3+1 splitting of the space-time
and 4-scalars of the space-time due to our use of radar 4-coordinates. Therefore these DO’s
would be invariant under the group of passive 4-diffeomorphisms of the space-time, which is
the gauge group of the generally covariant Lagrangian description of the gravitational field.
Moreover, in this final canonical basis the 4-scalar primary and secondary gauge variables
would be completely separated from the DO’s and the fixation of a gauge (at least the
primary gauge fixings) could be made independently from them.
In Refs.[8] Bergmann proposed the notion of the so-called Bergmann observables (BO) as
4-scalar quantities of the space-time uniquely predictable from a given set of initial data for
Einstein’s equations. In Ref.[9] there is a full discussion on the self-consistency of this notion
of BO ending with the enunciation of the conjecture that there should exist some canonical
basis adapted to all the first class constraints whose DO’s are also BO’s. The finding of
final Shanmugadhasan canonical transformation adapted to all the first class constraints in
our framework using radar 4-coordinates would be the confirmation of the validity of the
conjecture.
Instead the Bergmann-Komar proposal [8] that a possible set of BO’s for the gravitational
field could be given by the four eigenvalues of the 4-Weyl tensor does not seem to be correct:
in the York canonical basis these eigenvalues are complicated 4-scalar functions of both the
tidal variables and the inertial gauge variables.Therefore they are determined not only by
the initial conditions for the tidal variables but also on the choice of the gauge. To arrive
at a final conclusion one would need the expression of the Weyl eigenvalues in the final
Shanmugadhasan canonical basis adapted to all the first class constraints.
We will show that, as proposed in Refs.[10] following suggestions of Bergmann and Komar
in Refs.[8], the real utility of the Weyl eigenvalues is the definition of a special set of intrinsic
radar 4-coordinates allowing to give a physical (i.e. in terms of the gravitational field)
individuation as point-events of the mathematical points of the space-time.
Finally we will give the Hamiltonian Post-Minkowskian (HPM) linearization (see Ref.[6])
of the Weyl eigenvalues in the family of (non-harmonic) 3-orthogonal Schwinger time gauges
used in Refs.[5–7]. In these gauges only the Hamilton equations for the tidal variables
are hyperbolic partial differential equations (PDE); all the constraints and the equations
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determining the lapse and shift functions are elliptic equations inside the 3-spaces of the
3+1 splitting of the asymptotically Minkowskian space-time.
In Section II we evaluate the Hamiltonian expression of the 4-Weyl tensor, of the Weyl
scalars and of the Weyl eigenvalues. Then in Section III we give the Hamiltonian expression
of the electric and magnetic components of the 4-Weyl tensor with respect to the congruence
of Eulerian observers associated with the 3+1 splitting of the space-time. In Appendix A
there is the Hamiltonian expression of the Bel-Robinson tensor and of the second order
invariants of the 4-Riemann and 4-Weyl tensors.
In Section IV we discuss the strategy to find the DO’s of the gravitational field in arbitrary
gauges by means of Shanmugadhasan canonical transformations and what can be said about
the BO’s.
In Section V we give the Hamiltonian expression of the Weyl scalars and of the Weyl
eigenvalues in the HPM linearization of canonical ADM tetrad gravity in the family of
3-orthogonal Schwinger time gauges, whose theory is reviewed in Appendix B.
In the Conclusions there are some comments on the open problems to arrive at canonical
quantization of gravity in the framework presented in these two papers.
II. THE WEYL TENSOR, THE WEYL SCALARS AND THE WEYL EIGENVAL-
UES.
By using the Hamiltonian expression of the 4-Riemann and 4-Ricci tensors found in paper
I and the Hamiltonian null tetrads there defined, we will find the Hamiltonian expression of
the 4-Weyl tensor, of the Weyl scalars and of the Weyl eigenvalues in this Section.
A. The 4-Weyl Tensor
The traceless 4-Weyl tensor, with with only 10 independent components (and not 20 like
the 4-Riemann tensor) due to its symmetries, is
4CABCD =
4RABCD − 1
2
(4gAC
4RBD +
4gBD
4RAC − 4gAD 4RBC − 4gBC 4RAD) +
+
1
6
(4gAC
4gBD − 4gAD 4gBC) 4R,
4CABCD =
4CCDAB = −4CBACD = −4CABDC ,
4CABCD +
4CADBC +
4CACDB = 0,
4gAC 4CABCD = 0.
(2.1)
Eqs. I-(3.5) and I-(3.6) imply the following Hamiltonian expression for the components
of the 4-Weyl radar tensor (EAB
◦
=0 are Einstein’s equations I-(2.16))
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4Cτrτs =
4Rτrτs − 1
2
(
4gττ
4Rrs +
4grs
4Rττ −
− 4gτs 4Rτr − 4gτr 4Rτs
)
+
1
6
(
4gττ
4grs − 4gτr 4gτs
)
4R =
= C¯τrτs + ǫ
2
(
[3 (1 + n)2 − n¯(a) n¯(a)]Ers +
+ φ˜2/3 [Q2a Vra VsaEττ −Qa n¯(a) (VraEτs + VsaEτr)]
)
−
− 1
6
φ˜2/3QaQb Vra Vsb
(
[(1 + n)2 − n¯(a) n¯(a)] δ(a)(b) + n¯(a) n¯(b)
)
4gAB EAB =
= C¯τrτs + ǫ
4
φ˜2/3QaQb Vra Vsb(2
3
ǫ E δ(a)(b) + 2N (E00 + E22) ˆ¯n(a) ˆ¯n(b) +
+
[
(1 + n+
√∑
c
n¯2(c) )
2 E00 + (1 + n−
√∑
c
n¯2(c) )
2 E22 + 4(1 + n)2 E11 +
+
ǫ
6
E
∑
c
n¯2(c)
] [
ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(b) + ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(b)
]
+
+
√
2 (1 + n)
[
(1 + n−
√∑
c
n¯2(c) ) E01 + (1 + n +
√∑
c
n¯2(c) ) E12
] [
ˆ¯n(a) ˆ¯ǫ(−)(b) + ˆ¯n(b) ˆ¯ǫ(−)(a)
]
+
+
√
2 (1 + n)
[
(1 + n−
√∑
c
n¯2(c) ) E∗01 + (1 + n +
√∑
c
n¯2(c) ) E∗12
] [
ˆ¯n(a) ˆ¯ǫ(+)(b) + ˆ¯n(b) ˆ¯ǫ(+)(a)
])
,
4Cτruv =
4Rτruv − 1
2
(
4gτu
4Rrv +
4grv
4Rτu −
− 4gτv 4Rru − 4gru 4Rτv
)
+
1
6
(
4gτu
4grv − 4gτv 4gru
)
4R =
= C¯τruv − ǫ
2
φ˜1/3Qa
(
n¯(a) (VvaEru − VuaErv) +
+ φ˜1/3Qa Vra (VuaEτv − VvaEτu)
)
+
+
1
6
φ˜ QaQ
2
b n¯(a) Vrb (Vua Vvb − Vva Vub) 4gAB EAB =
= C¯τruv − ǫ
4
φ˜ QaQbQc Vra Vub Vvc([
(1 + n+
√∑
c
n¯2(c) ) E00 − (1 + n−
√∑
c
n¯2(c) ) E22 −
− 2
√∑
c
n¯2(c) (E11 −
ǫ
3
E)
]
(δ(a)(b) ˆ¯n(c) − δ(a)(c) ˆ¯n(b)) +
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+ 2E11
√∑
c
n¯2(c)
[
ˆ¯ǫ(+)(a) (ˆ¯ǫ(−)(b) ˆ¯n(c) − ˆ¯ǫ(c) ˆ¯n(b)) + ˆ¯ǫ(−)(a) (ˆ¯ǫ(+)(b) ˆ¯n(c) − ˆ¯ǫ(+)(c) ˆ¯n(b))
]
+
+
√
2
[
(1 + n +
√∑
c
n¯2(c) ) E01 − (1 + n−
√∑
c
n¯2(c) ) E12
]
(δ(a)(b) ˆ¯ǫ(−)(c) − δ(a)(c) ˆ¯ǫ(−)(b)) +
+
√
2
[
(1 + n +
√∑
c
n¯2(c) ) E∗01 − (1 + n−
√∑
c
n¯2(c) ) E∗12
]
(δ(a)(b) ˆ¯ǫ(+)(c) − δ(a)(c) ˆ¯ǫ(+)(b)) +
+
√
2
√∑
c
n¯2(c)
[
(E01 − E12) ˆ¯n(a) (ˆ¯ǫ(−)(b) ˆ¯n(c) − ˆ¯ǫ(−)(c) ˆ¯n(b)) +
+ (E∗01 − E∗12) ˆ¯n(a) (ˆ¯ǫ(+)(b) ˆ¯n(c) − ˆ¯ǫ(+)(c) ˆ¯n(b))
]
−
− 2
√∑
c
n¯2(c)
[
E02 ˆ¯ǫ(−)(a) (ˆ¯n(b) ˆ¯ǫ(−)(c) − ˆ¯n(c) ˆ¯ǫ(−)(b)) + E∗02 ˆ¯ǫ(+)(a) (ˆ¯n(b) ˆ¯ǫ(+)(c) − ˆ¯n(c) ˆ¯ǫ(+)(b))
])
,
s4Crsuv =
4Rrsuv − 1
2
(
4gru
4Rsv +
4gsv
4Rru −
− 4grv 4Rsu − 4gsu 4Rrv
)
+
1
6
(
4gru
4gsv − 4grv 4gsu
)
4R =
= C¯rsuv + ǫ
2
φ˜2/3Q2a
(
Vra (VuaEsv − VvaEsu) + Vsa (VvaEru − VuaErv)
)
+
+
1
6
φ˜4/3Q2aQ
2
b Vra Vsb (Vua Vvb − Vva Vub) 4gAB EAB =
= C¯rsuv + ǫ
4
φ˜4/3QaQbQcQd Vra Vsb Vuc Vvd(
− ǫ
3
E (δ(a)(c) δ(b)(d) − δ(a)(d) δ(b)(c))−
− 2 E11
[
δ(a)(c) (ˆ¯n(b) ˆ¯n(d) − ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(d) − ˆ¯ǫ(−)(b) ˆ¯ǫ(+)(d)) +
+ δ(b)(d) (ˆ¯n(a) ˆ¯n(c) − ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(c) − ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(c))−
− δ(a)(d) (ˆ¯n(b) ˆ¯n(c) − ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(c) − ˆ¯ǫ(−)(b) ˆ¯ǫ(+)(c))−
− δ(b)(c) (ˆ¯n(a) ˆ¯n(d) − ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(d) − ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(d))
]
+
+ (E00 + E22)
[
δ(a)(c) ˆ¯n(b) ˆ¯n(d) + δ(b)(d) ˆ¯n(a) ˆ¯n(c) − δ(a)(d) ˆ¯n(b) ˆ¯n(c) − δ(b)(c) ˆ¯n(a) ˆ¯n(d)
]
+
+ 2 E02
[
δ(a)(c) ˆ¯ǫ(−)(b) ˆ¯ǫ(−)(d) + δ(b)(d) ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(c) −
− δ(a)(d) ˆ¯ǫ(−)(b) ˆ¯ǫ(−)(c) − δ(b)(c) ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(d)
]
+
+ 2 E∗02
[
δ(a)(c) ˆ¯ǫ(+)(b) ˆ¯ǫ(+)(d) + δ(b)(d) ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(c) −
− δ(a)(d) ˆ¯ǫ(+)(b) ˆ¯ǫ(+)(c) − δ(b)(c) ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(d)
]
+
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+
√
2 (E01 − E12)
[
δ(a)(c) (ˆ¯n(b) ˆ¯ǫ(−)(d) + ˆ¯n(d) ˆ¯ǫ(−)(b)) + δ(b)(d) (ˆ¯n(a) ˆ¯ǫ(−)(c) + ˆ¯n(c) ˆ¯ǫ(−)(a))−
− δ(a)(d) (ˆ¯n(b) ˆ¯ǫ(−)(c) + ˆ¯n(c) ˆ¯ǫ(−)(b))− δ(b)(c) (ˆ¯n(a) ˆ¯ǫ(−)(d) + ˆ¯n(d) ˆ¯ǫ(−)(a))
]
+
+
√
2 (E∗01 − E∗12)
[
δ(a)(c) (ˆ¯n(b) ˆ¯ǫ(+)(d) + ˆ¯n(d) ˆ¯ǫ(+)(b)) + δ(b)(d) (ˆ¯n(a) ˆ¯ǫ(+)(c) + ˆ¯n(c) ˆ¯ǫ(+)(a))−
− δ(a)(d) (ˆ¯n(b) ˆ¯ǫ(+)(c) + ˆ¯n(c) ˆ¯ǫ(+)(b))− δ(b)(c) (ˆ¯n(a) ˆ¯ǫ(+)(d) + ˆ¯n(d) ˆ¯ǫ(+)(a))
])
. (2.2)
Then Eqs. I-(4.7) and I-(4.8) allow us to rewrite the 4-Weyl tensor in terms of the com-
ponents of the energy-momentum tensor of matter and of Einstein’s equations in the null
tetrad basis I-(4.5). The properties of the Hamiltonian functions W¯.... given in Eq. I-(3.6)
imply 4gAC 4CABCD = 0. Eqs.I-(4.9) and I-(4.4) have been used for the expression in the
basis of null tetrads.
The previous equations define the following Hamiltonian radar tensor which coincides
with the 4-Weyl tensor on-shell on the solutions of Einstein’s equations ( W¯.... are Hamil-
tonian functions defined in the equations I-(3.5) and I-(3.6); Eqs. I-(4.7) and I-(4.4) have
been used for the expression in the basis of null tetrads)
C¯ABCD = 4CABCD − (terms proportional to Einstein′s equations) ◦=4CABCD,
C¯τrτs def= W¯τrτs + 8πG
c3
[ ǫ
2
(
((1 + n)2 + n¯(a) n¯(a)) Tˆrs + φ˜
2/3Q2a Vra Vsa Tˆττ −
− φ˜1/3Qa (Vra Tˆτs + Vsa Tˆτr) n¯(a)
)
−
− 1
6
φ˜2/3
(
((1 + n)2 − n¯(c) n¯(c))Q2a Vra Vsa −QaQb Vra Vsb n¯(a) n¯(b)
)
T
]
=
= W¯τrτs + ǫ
2πG
c3
φ˜2/3QaQb Vra Vsb(
ǫ
2
3
T δ(a)(b) + 2N (T00 + T22) ˆ¯n(a) ˆ¯n(b) +
+
[
(1 + n+
√∑
c
n¯2(c) )
2 T00 + (1 + n−
√∑
c
n¯2(c) )
2 T22 + 4(1 + n)2 Φ11 +
+
ǫ
6
T
∑
c
n¯2(c)
] [
ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(b) + ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(b)
]
+
+
√
2 (1 + n)
[
(1 + n−
√∑
c
n¯2(c) ) T01 + (1 + n +
√∑
c
n¯2(c) ) T12
] [
ˆ¯n(a) ˆ¯ǫ(−)(b) + ˆ¯n(b) ˆ¯ǫ(−)(a)
]
+
+
√
2 (1 + n)
[
(1 + n−
√∑
c
n¯2(c) ) T ∗01 + (1 + n +
√∑
c
n¯2(c) ) T ∗12
] [
ˆ¯n(a) ˆ¯ǫ(+)(b) + ˆ¯n(b) ˆ¯ǫ(+)(a)
])
,
6
C¯τruv def= W¯τruv + 8πG
c3
[
− ǫ
2
(
φ˜1/3Qa (Vva Tˆru − Vua Tˆrv) n¯(a) +
+ φ˜2/3Q2a Vra (Vua Tˆτr − Vva Tˆτu)
)
+
1
6
φ˜ QaQ
2
b Vrb (Vua Vvb − Vva Vub) n¯(a) T
]
=
= W¯τruv − ǫ 2πG
c3
φ˜ QaQbQc Vra Vub Vvc([
(1 + n +
√∑
c
n¯2(c) ) T00 − (1 + n−
√∑
c
n¯2(c) ) T22 −
− 2
√∑
c
n¯2(c) (T11 −
ǫ
3
T )
]
(δ(a)(b) ˆ¯n(c) − δ(a)(c) ˆ¯n(b)) +
+ 2T11
√∑
c
n¯2(c)
[
ˆ¯ǫ(+)(a) (ˆ¯ǫ(−)(b) ˆ¯n(c) − ˆ¯ǫ(c) ˆ¯n(b)) + ˆ¯ǫ(−)(a) (ˆ¯ǫ(+)(b) ˆ¯n(c) − ˆ¯ǫ(+)(c) ˆ¯n(b))
]
+
+
√
2
[
(1 + n +
√∑
c
n¯2(c) ) T01 − (1 + n−
√∑
c
n¯2(c) ) T12
]
(δ(a)(b) ˆ¯ǫ(−)(c) − δ(a)(c) ˆ¯ǫ(−)(b)) +
+
√
2
[
(1 + n +
√∑
c
n¯2(c) ) T ∗01 − (1 + n−
√∑
c
n¯2(c) ) T ∗12
]
(δ(a)(b) ˆ¯ǫ(+)(c) − δ(a)(c) ˆ¯ǫ(+)(b)) +
+
√
2
√∑
c
n¯2(c)
[
(T01 − T12) ˆ¯n(a) (ˆ¯ǫ(−)(b) ˆ¯n(c) − ˆ¯ǫ(−)(c) ˆ¯n(b)) +
+ (T ∗01 − T ∗12) ˆ¯n(a) (ˆ¯ǫ(+)(b) ˆ¯n(c) − ˆ¯ǫ(+)(c) ˆ¯n(b))
]
−
− 2
√∑
c
n¯2(c)
[
T02 ˆ¯ǫ(−)(a) (ˆ¯n(b) ˆ¯ǫ(−)(c) − ˆ¯n(c) ˆ¯ǫ(−)(b)) + T ∗02 ˆ¯ǫ(+)(a) (ˆ¯n(b) ˆ¯ǫ(+)(c) − ˆ¯n(c) ˆ¯ǫ(+)(b))
])
,
C¯rsuv def= W¯rsuv + 8πG
c3
[ ǫ
2
φ˜2/3Q2a (Vra Vua Tˆsv + Vsa Vva Tˆru − Vra Vva Tˆsu − Vsa Vua Tˆrv) +
− 1
6
φ˜4/3Q2aQ
2
b Vra Vsb (Vua Vvb − Vva Vub) T
]
=
= W¯rsuv + ǫ
2πG
c3
φ˜4/3QaQbQcQd Vra Vsb Vuc Vvd(
− ǫ
3
T (δ(a)(c) δ(b)(d) − δ(a)(d) δ(b)(c))−
− 2 T11
[
δ(a)(c) (ˆ¯n(b) ˆ¯n(d) − ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(d) − ˆ¯ǫ(−)(b) ˆ¯ǫ(+)(d)) +
+ δ(b)(d) (ˆ¯n(a) ˆ¯n(c) − ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(c) − ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(c))−
− δ(a)(d) (ˆ¯n(b) ˆ¯n(c) − ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(c) − ˆ¯ǫ(−)(b) ˆ¯ǫ(+)(c))−
− δ(b)(c) (ˆ¯n(a) ˆ¯n(d) − ˆ¯ǫ(+)(a) ˆ¯ǫ(−)(d) − ˆ¯ǫ(−)(a) ˆ¯ǫ(+)(d))
]
+
+ (T00 + T22)
[
δ(a)(c) ˆ¯n(b) ˆ¯n(d) + δ(b)(d) ˆ¯n(a) ˆ¯n(c) − δ(a)(d) ˆ¯n(b) ˆ¯n(c) − δ(b)(c) ˆ¯n(a) ˆ¯n(d)
]
+
7
+ 2 T02
[
δ(a)(c) ˆ¯ǫ(−)(b) ˆ¯ǫ(−)(d) + δ(b)(d) ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(c) −
− δ(a)(d) ˆ¯ǫ(−)(b) ˆ¯ǫ(−)(c) − δ(b)(c) ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(d)
]
+
+ 2 T ∗02
[
δ(a)(c) ˆ¯ǫ(+)(b) ˆ¯ǫ(+)(d) + δ(b)(d) ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(c) −
− δ(a)(d) ˆ¯ǫ(+)(b) ˆ¯ǫ(+)(c) − δ(b)(c) ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(d)
]
+
+
√
2 (T01 − T12)
[
δ(a)(c) (ˆ¯n(b) ˆ¯ǫ(−)(d) + ˆ¯n(d) ˆ¯ǫ(−)(b)) + δ(b)(d) (ˆ¯n(a) ˆ¯ǫ(−)(c) + ˆ¯n(c) ˆ¯ǫ(−)(a))−
− δ(a)(d) (ˆ¯n(b) ˆ¯ǫ(−)(c) + ˆ¯n(c) ˆ¯ǫ(−)(b))− δ(b)(c) (ˆ¯n(a) ˆ¯ǫ(−)(d) + ˆ¯n(d) ˆ¯ǫ(−)(a))
]
+
+
√
2 (T ∗01 − T ∗12)
[
δ(a)(c) (ˆ¯n(b) ˆ¯ǫ(+)(d) + ˆ¯n(d) ˆ¯ǫ(+)(b)) + δ(b)(d) (ˆ¯n(a) ˆ¯ǫ(+)(c) + ˆ¯n(c) ˆ¯ǫ(+)(a))−
− δ(a)(d) (ˆ¯n(b) ˆ¯ǫ(+)(c) + ˆ¯n(c) ˆ¯ǫ(+)(b))− δ(b)(c) (ˆ¯n(a) ˆ¯ǫ(+)(d) + ˆ¯n(d) ˆ¯ǫ(+)(a))
])
. (2.3)
In Appendix A there is the Hamiltonian expression of the Bel-Robinson tensor and of the
second-order invariants of the 4-Weyl tensor.
B. The Weyl Scalars
By using the null tetrads I-(4.5) the 10 components of the 4-Weyl tensor 1 can be replaced
by the following 5 complex Weyl scalars (see for instance Ref.[3], pp.189-194)
Ψ0 =
4CABCDK
AMB KC MD,
Ψ1 =
4CABCDK
A LBKC MD,
Ψ2 =
1
2
4CABCDK
A LB (KC LD −MC M∗D),
Ψ3 =
4CABCD L
AKB LC M∗D,
Ψ4 =
4CABCD L
AM∗B LC M∗D, (2.4)
which will be the sum of terms Ψ
(W )
A (A = 0, 1, .., 4), 4-scalars functions of the canonical
variables, plus terms vanishing with the Einstein’s equations
ΨA
def
= Ψ
(W )
A +Ψ
(E)
A , Ψ
(E)
A
◦
=0. (2.5)
By using Eqs.(2.2) and (2.3) the expression of the Weyl scalars is (3e¯r(a) = φ˜
−1/3Q−1a Vra)
1 In the Newman-Penrose formalism [2] the 4-Weyl tensor is replaced by a symmetric spinor ψ(abcd) =
η
(1)
(a η
(2)
b η
(3)
c η
(4)
d) .
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Ψ0 =
4CABCDK
AMB KC MD = Ψ
(W )
0 +Ψ
(E)
0 ,
Ψ
(W )
0 = −
1
2
( 1
(1 + n)2
ˆ¯ǫ(+)(a) ˆ¯ǫ(+)(b) W¯τrτs
3e¯r(a)
3e¯s(b) +
+
2
1 + n
[
1−
√∑
e n¯
2
(e)
1 + n
]
ˆ¯ǫ(+)(a) ˆ¯n(b) ˆ¯ǫ(+)(c) W¯τruv
3e¯r(a)
3e¯u(b)
3e¯v(c) +
+
[
1−
√∑
e n¯
2
(e)
1 + n
]2
ˆ¯n(a) ˆ¯ǫ(+)(b) ˆ¯n(c) ˆ¯ǫ(+)(d) W¯rsuv
3e¯r(a)
3e¯s(b)
3e¯u(c)
3e¯v(d)
)
+
+ ǫ
2πG
c3
(
1−
∑
c n¯
2
(c)
(1 + n)2
)
T02,
Ψ
(E)
0 =
ǫ
4
(
1−
∑
c n¯
2
(c)
(1 + n)2
)
E02 ◦=0,
Ψ1 =
4CABCDK
A LB KC MD = Ψ
(W )
1 +Ψ
(E)
1 ,
Ψ
(W )
1 = −
1√
2
( 1
(1 + n)2
ˆ¯n(a) ˆ¯ǫ(+)(b) W¯τrτs
3e¯r(a)
3e¯s(b) +
+
1
1 + n
[
1−
√∑
e n¯
2
(e)
1 + n
]
ˆ¯n(a) ˆ¯ǫ(+)(c) ˆ¯n(b) W¯τruv
3e¯r(a)
3e¯u(b)
3e¯v(c)
)
−
− ǫ 4πG
c3
[
1−
√∑
e n¯
2
(e)
1 + n
(1−
√∑
e n¯
2
(e)
1 + n
)
]
T12,
Ψ
(E)
1 = −
ǫ
2
[
1−
√∑
e n¯
2
(e)
1 + n
(1−
√∑
e n¯
2
(e)
1 + n
)
]
E12 ◦=0,
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Ψ2 =
1
2
4CABCDK
A LB (KC LD −MC M∗D) = Ψ(W )2 +Ψ(E)2 ,
Ψ
(W )
2 =
1
(1 + n)2
ˆ¯n(a) ˆ¯n(b) W¯τrτs
3e¯r(a)
3e¯s(b) +
+
1
1 + n
ˆ¯n(a) ˆ¯ǫ(+)(b) ˆ¯ǫ(−)(c) W¯τruv
3e¯r(a)
3e¯u(b)
3e¯v(c) +
+
4πG
c3
ǫ
(1 + n)2
[
(1 + n) (T00 + T22) + ǫ T
]
,
Ψ
(E)
2 =
ǫ
(1 + n)2
[1
2
(1 + n) (E00 + E22) + ǫ
6
E
] ◦
=0,
Ψ3 =
4CABCDK
A LBM∗C LD = Ψ(W )3 +Ψ
(E)
3 ,
Ψ
(W )
3 =
1√
2
( 1
(1 + n)2
ˆ¯n(a) ˆ¯ǫ(−)(b) W¯τrτs
3e¯r(a)
3e¯s(b) −
− 1
1 + n
(1 +
√∑
e n¯
2
(e)
1 + n
) ˆ¯n(a) ˆ¯n(b) ˆ¯ǫ(−)(c) W¯τruv
3e¯r(a)
3e¯u(b)
3e¯v(c)
)
+
+ ǫ
4πG
c3
[
T ∗01 + 1−
∑
e n¯
2
(e)
(1 + n)2
) T ∗12
]
,
Ψ
(E)
3 =
ǫ
2
[
E∗01 + (1−
∑
e n¯
2
(e)
(1 + n)2
) E∗12
] ◦
=0,
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Ψ4 =
4CABCDM
∗A LB M∗C LD = Ψ(W )4 +Ψ
(E)
4 ,
Ψ
(W )
4 =
1
2(1 + n)2
ˆ¯ǫ(−)(a) ˆ¯ǫ(−)(b) W¯τrτs
3e¯r(a)
3e¯s(b) −
− 1
1 + n
(1 +
∑
e n¯
2
(e)
(1 + n)2
) ˆ¯ǫ(−)(a) ˆ¯n(b) ˆ¯ǫ(−)(c) W¯τruv
3e¯r(a)
3e¯u(b)
3e¯v(c) +
+
1
2
(1 +
∑
e n¯
2
(e)
(1 + n)2
)2 ˆ¯n(a) ˆ¯ǫ(−)(b) ˆ¯n(c) ˆ¯ǫ(−)(d) W¯rsuv
3e¯r(a)
3e¯s(b)
3e¯u(c)
3e¯v(d) +
+ ǫ
2πG
c3
(1−
∑
e n¯
2
(e)
(1 + n)2
) T ∗02,
Ψ
(E)
4 =
ǫ
4
(1−
∑
e n¯
2
(e)
(1 + n)2
) E∗02 ◦=0. (2.6)
The Weyl scalars in special bases of null tetrads are used for the Petrov classification of
gravitational fields [3] (see also Refs.[11–13])2.
C. The Weyl Invariants
The four eigenvalues of the 4-Weyl tensor are the following four 4-scalars invariant func-
tionals (they do not depend on the choice of the null tetrads and one has I3 6= 6 J2 when the
4-Weyl tensor is not in an algebraically special case of the Petrov classification) [3, 11–13]
w1 = Tr (
4g 4C 4g 4C), w2 = Tr (
4g 4C ǫ 4C),
w3 = Tr (
4g 4C 4g 4C 4g 4C), w4 = Tr (
4g 4C 4g 4C ǫ 4C),
w1 + i w2 = 2
4C˜ABCD
4C˜ABCD = I = 2Ψ0Ψ4 − 8Ψ1Ψ3 + 6Ψ22,
w3 + i w4 = 2
4C˜ABCD
4C˜CDEF
4C˜EFAB = J = 6 det

 Ψ0 Ψ1 Ψ2Ψ1 Ψ2 Ψ3
Ψ2 Ψ3 Ψ4

 = 6 det

 Ψ0 Ψ1 Ψ2Ψ1 Ψ2 Ψ3
Ψ2 Ψ3 Ψ4

 ,
(2.7)
where the tensor 4C˜ABCD has the following expression (see Ref.[3]; ǫABCD is the Levi-Civita
tensor)
2 Given the null tetrads I-(4.5) with a given fixed null vector LA, we can define the following family
(A > 0, B complex, C real are arbitrary) of sets of null tetrads preserving LA: L
′A = ALA, K
′A =
A−1 (KA +BB∗ LA +B∗MA +BM∗A), M
′A = eiC (MA +B LA).
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2 4C˜ABCD =
(
4CABCD +
i
2
ηABEF
4CEFCD
)
=
1
2
(
4CABCD +
i
2
ǫ ǫABEF
(1 + n)
√
3g
4CEFCD
)
=
= Ψ0 UAB UCD +Ψ1 (UAB WCD + UCDWAB) +
+ Ψ2 (UAB VCD + UCD VAB +WAB WCD) +
+ Ψ3 (VABWCD + VCDWAB) + Ψ4 VAB VCD,
UAB = M
∗
A LB −M∗B LA, VAB = KAMB −KBMA,
WAB =MAM
∗
B −MB M∗A + LAKB − LBKA. (2.8)
Therefore, like for the Weyl scalars we get the following expression for the Weyl eigen-
values (k = 1, 2, 3, 4)
wk = w¯k + w
(E)
k
◦
=w¯k, (2.9)
with w¯h Hamiltonian 4-scalar functions of the tidal and inertial gauge variables of the York
basis.
III. THE ELECTRIC AND MAGNETIC COMPONENTS OF THE WEYL TEN-
SOR WITH RESPECT TO THE CONGRUENCE OF THE EULERIAN OB-
SERVERS
The 10 components of the 4-Weyl tensor may be described by the 5 magnetic and the 5
electric components of the 4-Weyl tensor with respect to a time-like vector field V = V µ ∂µ =
V A ∂A (
4gAB E
(V )
AB =
4gABH
(V )
AB = 0 are implied by
4gAC 4CABCD = 0)
E
(V )
AB = E
(V )
BA =
4CAEBF V
E V F E
(V )
AB V
B = 0, 4gAB E
(V )
AB = 0,
H
(V )
AB = H
(V )
BA =
∗4CAEBF V
E V F H
(V )
AB V
B = 0, 4gABH
(V )
AB = 0,
4CABCD =
4gAU 4gBV 4CUV CD =
=
[
(δAE δ
B
F − δBE δAF ) (δGC δHD − δGD δHC )− ηABEF ηGHCD
]
V E VGE
(V )F
h −
−
[
ηABEF (δ
G
C δ
H
D − δGD δHC ) + (δAE δBF − δBE δAF ) ηGHCD
]
V E VGH
(V )F
H ,
(3.1)
where the dual has the definition ∗4CABCD = 12 ηAB
EF 4CEFCD (see Appendix A).
With every 3+1 splitting of space-time there is the associated congruence of the Eulerian
observers with the unit normal lµ(τ, ~σ) =
(
zµA l
A
)
(τ, ~σ) to the 3-spaces as unit 4-velocity.
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The world-lines of these observers are the integral curves of the unit normal and in general
are not geodesics. In adapted radar 4-coordinates the contro-variant (lA(τ, ~σ), 4
◦
E¯
A
(a)(τ, ~σ))
and covariant (lA(τ, ~σ),
4
◦
E¯(a)A(τ, ~σ)) orthonormal tetrads carried by the Eulerian observers
are given in Eqs.I-(2.4).
For the congruence of Eulerian observers we have V A = lA and on-shell we get
E(l)ττ
◦
=
n¯(a) n¯(b)
(1 + n)2
3e¯r(a)
3e¯s(b) C¯τrτs,
E(l)τr = E
(l)
rτ
◦
=
n¯(a) n¯(b)
(1 + n)2
3e¯u(a)
3e¯v(b) C¯τurv +
n¯(a)
(1 + n)2
3e¯u(a) C¯τrτu,
E(l)rs
◦
=
1
(1 + n)2
C¯τrτs +
n¯(a)
(1 + n)2
3e¯u(a)
(
C¯τrsu + C¯τsru
)
+
n¯(a) n¯(b)
(1 + n)2
3e¯u(a)
3e¯v(b) C¯rusv,
H(l)ττ
◦
=
n¯(a) n¯(b)
2 (1 + n)2
ητruv
3e¯u(c)
3e¯n(c)
3e¯v(d)
3e¯m(d)
3e¯r(a)
3e¯s(b) C¯τsmn,
H(l)τr = H
(l)
rτ
◦
=
1
4
[
ητeuv
n¯(a)
(1 + n)2
3e¯e(a)
3e¯u(c)
3e¯m(c)
3e¯v(d)
3e¯n(d)
(
C¯τrmn + C¯rwmn n¯(b)
3e¯w(b)
)−
− n¯(a)
(1 + n)2
3e¯e(a) ητrmn
3e¯m(c)
3e¯u(c)
(
2
n¯(b)
(1 + n)2
C¯τuτe +
3e¯n(d)
3e¯v(d) C¯τeuv
)
+−
− 2 n¯(a) n¯(b)
(1 + n)2
3e¯s(a)
3e¯e(b) ητmrs
3e¯m(c)
3e¯u(c)
(
C¯τuτe + C¯τeuv n¯(c)
3e¯v(c)
) ]
,
H(l)rs
◦
=
1
4
1
(1 + n)2
3e¯v(c)
3e¯m(c)
3e¯u(d)
3e¯n(d)
[
ητruv
(
C¯τsmn + C¯mnswn¯(a)
3e¯w(a)
)
+
+ ητsuv
(
C¯τrmn + C¯mnrw n¯(a)
3e¯w(a)
) ]
. (3.2)
One could also find the electric and magnetic components of the 4-Weyl tensor with
respect to the skew congruence with unit 4-velocity vµ(τ, ~σ) =
(
zµτ√
(1+n)2−∑
c
n¯2
(c)
vA
)
(τ, ~σ)
(in general it is not surface-forming, i.e. it has a non-vanishing vorticity) associated with
each 3+1 splitting of the space-time. The observers of the skew congruence have the world-
lines (integral curves of the 4-velocity) defined by σr = const. for every τ . When there is
a perfect fluid with unit time-like 4-velocity UA(τ, ~σ), there is also the congruence of the
time-like flux curves: in general it is not surface-forming and it is independent from the
previous two congruences. See Ref.[14] for the description of these two congruences.
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IV. THE DIRAC OBSERVABLES OF CANONICAL GRAVITY VERSUS THE
WEYL EIGENVALUES AS POSSIBLE 4-SCALAR BERGMANN OBSERVABLES
In Section II of I we reviewed the formulation of canonical ADM tetrad gravity in the
York basis I-(28) developed in Refs. [4–7, 15, 16] (see Ref. [17] for canonical ADM metric
gravity).
In this formulation the only constraints not contained in the York basis are the super-
Hamiltonian (H(τ, ~σ) ≈ 0) and the super-momentum (H(a)(τ, ~σ) ≈ 0) ones. As it is clear
from Eqs. (3.41) and (3.44) of Ref.[5], these constraints are elliptic partial differential equa-
tions inside the 3-spaces Στ for the unknowns φ˜(τ, ~σ) and π
(θ)
i (τ, ~σ) (or for the shear com-
ponents σ(a)(b)|a6=b defined after Eq.I-(2.11)) depending on the canonical variables πφ˜(τ, ~σ),
θi(τ, ~σ) (the primary inertial gauge variables), and Ra¯(τ, ~σ), Πa¯(τ, ~σ) (the tidal variables),
but not on the lapse and shift functions 1 + n(τ, ~σ), n¯(a)(τ, ~σ) (the secondary inertial gauge
variables, to be determined by the time-constancy of the gauge fixings for the primary ones).
If in a suitable function space one would be able to find a solution
φ˜(τ, ~σ) ≈ h(θj , πφ˜, Ra¯,Πa¯|τ, ~σ),
π
(θ)
i (τ, ~σ) ≈ hi(θj, πφ˜, Ra¯,Πa¯|τ, ~σ), (4.1)
of these elliptic PDE equations, then one could find a Shanmugadhasan canonical transfor-
mation to a final canonical basis adapted to all the 14 first class constraints of ADM tetrad
gravity 3 (from now on we consider only the case without matter to simplify the discussion)
ϕ(a) α(a) n n¯(a) θ
r φ˜ Ra¯
πϕ(a) ≈ 0 π(α)(a) ≈ 0 πn ≈ 0 πn¯(a) ≈ 0 π(θ)r πφ˜ Πa¯
−→ ϕ(a) α(a) n n¯(a) θˆ
r φˆ ≈ 0 Rˆa¯
πϕ(a) ≈ 0 π(α)(a) ≈ 0 πn ≈ 0 πn¯(a) ≈ 0 πˆ(θ)r ≈ 0 πˆφˆ Πˆa¯
φˆ(τ, ~σ) = φ˜(τ, ~σ)− h(θj , πφ˜, Ra¯,Πa¯|τ, ~σ) ≈ 0, πˆφˆ(τ, ~σ) = f(θj, πφ˜, Ra¯,Πa¯|τ, ~σ),
θˆi(τ, ~σ) = f i(θj, πφ˜, Ra¯,Πa¯|τ, ~σ), πˆ(θ)i (τ, ~σ) = π(θ)i (τ, ~σ)− hi(θj , πφ˜, Ra¯,Πa¯|τ, ~σ) ≈ 0,
Rˆa¯(τ, ~σ) = ka¯(θ
j , πφ˜, Ra¯,Πa¯|τ, ~σ), Πˆa¯(τ, ~σ) = ga¯(θj , πφ˜, Ra¯,Πa¯|τ, ~σ).
(4.2)
In this final canonical basis Rˆa¯(τ, ~σ) and Πˆa¯(τ, ~σ) would be two canonical pairs of true
DO’s (completely invariant under all the Hamiltonian gauge transformations) describing the
3 The constraints φˆ(τ, ~σ) ≈ 0 and πˆ(θ)i (τ, ~σ) ≈ 0 are in strong involution, namely they have exactly zero
Poisson brackets (differently from the original constraints which are only in weak involution), because
they are explicitly solved in certain canonical variables of the York basis.
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real tidal physical degrees of freedom of the gravitational field. Like the variables of the York
basis these DO’s would be 3-scalars inside the 3-spaces Στ and 4-scalars of the space-time
(invariant under passive diffeomorphisms, i.e. under the group of gauge transformations of
the Lagrangian theory giving rise to the notion of general covariance).
θˆi(τ, ~σ) and πˆφˆ(τ, ~σ) would be the final primary inertial gauge variables describing the
freedom in the choice of the tangent vectors to the spatial coordinate lines and in the choice
of a variable like the York time describing the gauge part of non-Euclidean nature of the
3-spaces. The secondary inertial gauge variables 1 + n(τ, ~σ) and n¯(a)(τ, ~σ) would remain
unchanged, because Eqs.(4.1) do not depend on them.
Since the solved constraints φˆ = φ˜ − h(...) ≈ o and πˆ(θ)i = π(θ)i − hi(...) ≈ 0 are linear
in the variables φ˜ and π
(θ)
i , it is highly probable that the primary gauge variables remain
unchanged: πˆφˆ = f(...) = πφ˜ and θˆ
i = f i(...) = θi. If this is true, only the tidal variables
(and the matter when present) would be modified by the final Shanmugadhasan canonical
transformation.
The Dirac Hamiltonian I-(2.14) would be replaced by a new Hamiltonian
H
(F )
D =
1
c
Eˆ
(F )
ADM +
∫
d3σ
[
F φˆ− F i πˆ(θ)i
]
(τ, ~σ) + λr(τ) Pˆ
r
ADM +
+
∫
d3σ
[
λn πn + λn¯(a) πn¯(a) + λϕ(a) πϕ(a) + λα(a) π
(α)
(a)
]
(τ, ~σ), (4.3)
in which the weak ADM energy Eˆ
(F )
ADM depends on the final tidal variables and on the final
primary inertial gauge variables but not on the secondary ones. The functions F and F i in
front of the Abelianized form of the secondary first-class constraints (replacing the lapse and
shift functions) must be determined by the following comparison of the Hamilton equations
before and after the final canonical transformation (HD is the old Dirac Hamiltonian of Eqs.
I-(2.14); see Ref.[5] for the explicit form of the Hamilton equations)
F i(θˆj, πˆφˆ, Rˆa¯, Πˆa¯, n, n¯(a)|τ, ~σ) = {θˆi(τ, ~σ), H(F )D }
◦
=∂τ θˆ
i(τ, ~σ) =
= ∂τ f
i(θj, πφ˜, Ra¯,Πa¯|τ, ~σ) ◦={f i(θj , πφ˜, Ra¯,Πa¯|τ, ~σ), HD} =
= f˜ i(θj , πφ˜, Ra¯,Πa¯, n, n¯(a)|τ, ~σ) =
= Gˆi(θˆj, πˆφˆ, Rˆa¯, Πˆa¯, n, n¯(a)|τ, ~σ),
F(θˆj, πˆφˆ, Rˆa¯, Πˆa¯, n, n¯(a)|τ, ~σ) = {πˆφˆ(τ, ~σ), H(F )D } ◦=∂τ πˆφˆ(τ, ~σ) =
= ∂τ f(θ
j, πφ˜, Ra¯,Πa¯|τ, ~σ) ◦={f(θj, πφ˜, Ra¯,Πa¯|τ, ~σ), HD} =
= f˜(θj , πφ˜, Ra¯,Πa¯, n, n¯(a)|τ, ~σ) =
= Gˆ(θˆj, πˆφˆ, Rˆa¯, Πˆa¯, n, n¯(a)|τ, ~σ). (4.4)
If we give primary gauge fixings θˆi(τ, ~σ) − vi(τ, ~σ) ≈ 0 and πˆφˆ(τ, ~σ) − v(τ, ~σ) ≈ 0 with
vi(τ, ~σ) and v(τ, ~σ) numerical functions, then, due to Eqs.(4.3) and (4.4), the secondary gauge
fixings for the determination of the lapse and shift functions are F i(τ, ~σ) − ∂τ vi(τ, ~σ) ≈ 0
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and F(τ, ~σ)−∂τ v(τ, ~σ) ≈ 0. These are elliptic PDE inside the 3-space Στ . Instead the DO’s
satisfy hyperbolic PDE requiring Cauchy data on an initial Cauchy surface Στo .
Therefore the final DO’s would also be BO’s, since they would be 4-scalars uniquely
predictable from the Cauchy data.
Regarding the Weyl eigenvalues, Eqs. (2.7) and (2.9) show that their 4-scalar Hamil-
tonian expressions in the York basis depends on both the primary and secondary gauge
variables. Therefore, most probably their Hamiltonian expression in the final Shanmugad-
hasan canonical basis will depend on the lapse and shift functions. If this will turn out to
be correct, then the Weyl eigenvalues would not be BO’s, contrary to the old proposal of
Bergmann and Komar [8].
Instead in Refs. [6, 7] it was shown that the Hamiltonian expression (2.9) of the four
Weyl eigenvalues (wk
◦
=w¯k) can be used to define a special family of gauges, whose primary
gauge fixings have the form of coordinate conditions for the radar 4-coordinates σA = (τ, σr)
χA(τ, ~σ) = σA − UA(w¯k(τ, ~σ)) ≈ 0. (4.5)
These equations determine the primary gauge variables and their τ -constancy,
∂τ χ
A(τ, ~σ) ≈ 0, determines the lapse and shift functions. Eqs.(4.5) imply that the radar
4-coordinates σA (replacing the usual world 4-coordinates xµ in our approach) labeling the
mathematical points of the space-time 4-manifold may acquire a physical meaning in terms
of the gravitational field. The abstract mathematical points can be identified as physically
individuated point-events. Therefore, the gravitational field, which describes the metric
structure of the space-time by definition, can also be used a posteriori to give a physical
meaning to the 4-manifold carrying that metric structure due to Einstein’s equations. This
is not possible for Minkowski and Galileo space-times, which remain as absolutely given
mathematical 4-manifolds.
Let us come back to the DO’s. In a completely fixed gauge G of the York basis the tidal
variables Ra¯, Πa¯, would become the non-canonical DO’s of that gauge. Then the evaluation
of Darboux canonical basis for the Dirac brackets would identify the real canonical DO’s
R
(G)
a¯ , Π
(G)
a¯ , of that gauge: they should be connected by a canonical transformation to the
DO’s Rˆa¯, Πˆa¯, of the final Shanmugadhasan canonical basis (4.2).
As a step towards the implementation of this comparison in Appendix B we review what
is known about the 3-orthogonal Schwinger time gauges and about arbitrary gauges near
the 3-orthogonal ones for the York basis and their HPM linearization.
In the next Section these linearized results will be used to give the linearized expression
of the Weyl scalars and of the Weyl eigenvalues.
V. THE LINEARIZED WEYL SCALARS IN ARBITRARY GAUGES NEAR THE
3-ORTHOGONAL GAUGES IN ABSENCE OF MATTER
Let us consider the HPM linearization of the 4-Weyl tensor and of the Weyl scalars in
absence of matter with the formalism of Refs.[14, 15] reviewed in Appendix B, where it
is shown that the same results can be obtained in the family of 3-orthogonal Schwinger
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time gauges defined in Eq.(B1) and in arbitrary gauges near the 3-orthogonal ones (see
Subsections 1 and 2 of Appendix B, respectively). In both cases the inertial gauge variable
York time (either gauge fixed or arbitrary) is a first order quantity 3K(1) =
12piG
c3
π(1)φ˜.
By using Eqs. I-(3.5), I-(3.6), I-(3.7), (2.2) and the solution (B5) of the super-momentum
constraints we get 4 in absence of matter
W¯(1)rsuv = W¯(1)rsuv = 4R(1)rsuv = C¯(1)rsuv ( ◦=4C(1)rsuv) = −ǫ 3R(1)rsuv =
= ǫ
[
(δrv ∂u − δru ∂v) ∂s (Γ(1)r + 2φ(1)) + (δsu ∂v − δsv ∂u) ∂r (Γ(1)s + 2φ(1))
]
,
W¯(1)τruv = W¯(1)τruv = 4R(1)τruv = C¯(1)τruv ( ◦=4C(1)τruv) =
= ǫ (∂v
3K(1)ru − ∂u 3K(1)rv) =
= ǫ
[1
2
(1− δru) ∂v (∂r n¯(1)(u) + ∂u n¯(1)r))− 1
2
(1− δrv) ∂u (∂r n¯(1)(v) + ∂v n¯(1)r)) +
+ (δru ∂v − δrv ∂u) (1
3
3K(1) − 8πG
c3
∑
a¯
γa¯r Πa¯ + ∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c))
]
,
W¯(1)τrτs = W¯(1)rsuv = C¯(1)τrτs ( ◦=4R(1)τrτs ◦=4C(1)τrτs) =
= ǫ 3R(1)rs = ǫ
[
δrs△ (Γ(1)r + 2φ(1)) + ∂r ∂s (2φ(1) − Γ(1)r − Γ(1)s )
]
. (5.1)
By using the solution φ(1) ≈ −14
∑
c
∂2c
△ Γ
(1)
c of the super-Hamiltonian constraint given in
Eq.(B5), we get that W¯(1)τrτs and W¯(1)rsuv depend only on Ra¯. Instead W¯(1)τruv depends on
Ra¯, Πa¯ and
3K(1), because we have n¯(1)(a) ≈ ∂a△ 3K(1) + 12 ∂a△ ∂τ
(
4 Γ
(1)
a −∑c ∂2c△ Γ(1)c ) due to
Eqs.(B6).
Therefore W¯τrτs(τ, σ
u) and W¯rsuv(τ, σ
u) have vanishing Poisson bracket among them-
selves; the same is true for W¯τruv(τ, σ
u) with itself. Instead the Poisson bracket of
W¯τruv(τ, σ
u) with either W¯rsuv(τ, σ
u) or W¯τrτs(τ, σ
u) have complicated expressions.
4 As said in paper I the evaluation of the quantities appearing in these equations requires the use of Eqs.
I-(2.11), I-(A1), I-(2.12) and I-(2.13). In place of the shear appearing in these equations, here we use
σ(1)(a)(a) = − 8piGc3
∑
a¯ γa¯aΠa¯ and the solution σ(1)(a)(b)|a 6=b of the super-momentum constraints given
in Eq.(B5). Due to Eqs. I-(2.11) and (B5) the linearized extrinsic curvature is 3Krs ≈ δrs
(
1
3 3K(1) −
8piG
c3
∑
a¯ γa¯r Πa¯
)
+ 12 (1− δrs) (∂r n¯(1)(s) + ∂s n¯(1)(r)) with trace 3K(1) = 12piGc3 π(1)φ˜.
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A. The Weyl Scalars
Since Eqs. I-(4.1), I-(4.2) and I-(4.3) imply that the quantities ˆ¯n(a) = n¯(1)(a)/
√∑
c n¯
2
(c)
and ˆ¯ǫ(±)(a) = 1√2
(
ˆ¯ǫ(1)(a) ± i ˆ¯ǫ(2)(a)
)
5 are of order O(1), for the Weyl scalars Ψ
(W )
A , A =
0, 1, 2, 3, 4, of Eq.(2.6) we get the following linearization Ψ
(W )
(1)A = Ψ
(W )
(1)A(R) + iΨ
(W )
(1)A(I)
◦
=Ψ(1)A
near the 3-orthogonal gauges
Ψ
(W )
(1)0 = −
1
2
[
ˆ¯ǫ(+)(r) ˆ¯ǫ(+)(s) W¯(1)τrτs + 2 ˆ¯ǫ(+)(r) ˆ¯n(u) ˆ¯ǫ(+)(v) W¯(1)τruv +
+ ˆ¯n(r) ˆ¯ǫ(+)(s) ˆ¯n(u) ˆ¯ǫ(+)(v) W¯(1)rsuv
]
=
= − ǫ
4
(
ˆ¯ǫ(1)(r) ˆ¯ǫ(1)(s) − ˆ¯ǫ(2)(r) ˆ¯ǫ(2)(s) + i (ˆ¯ǫ(1)(r) ˆ¯ǫ(2)(s) + ˆ¯ǫ(2)(r) ˆ¯ǫ(1)(s))
)
[
δrs△ (Γ(1)r + 2φ(1)) + ∂r ∂s (2φ(1) − Γ(1)r − Γ(1)s ) +
+ ˆ¯n(u)
(∑
w
((1− δru) δuw ∂s − (1− δrs) δsw ∂u) (∂r n¯(1)(w) + ∂w n¯(1)(r)) +
+ 2 (δru ∂s − δrs ∂u) (1
3
3K(1) − 8πG
c3
∑
a¯
γa¯r Πa¯ + ∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c))
)
+
+ ˆ¯n(u) ˆ¯n(v)
(
(δsv ∂u − δuv ∂s) ∂r (Γ(1)v + 2φ(1)) + (δru ∂s − δrs ∂u) ∂v (Γ(1)r + 2φ(1))
)]
=
= Ψ
(W )
(1)0(R) + iΨ
(W )
(1)0(I),
Ψ
(W )
(1)1 = −
1√
2
ˆ¯n(r)
[
ˆ¯ǫ(+)(s) W¯(1)τrτs + ˆ¯ǫ(+)(u) ˆ¯n(v) W¯(1)τruv
]
=
= − ǫ
2
ˆ¯n(r) (ˆ¯ǫ(1)(s) + i ˆ¯ǫ(2)(s))
(
δrs△ (Γ(1)r + 2φ(1)) + ∂r ∂s (2φ(1) − Γ(1)r − Γ(1)s ) +
+
1
2
ˆ¯n(u)
[∑
w
((1− δru) δsw ∂u − (1− δru) δuw ∂s) (∂r n¯(1)(w) + ∂w n¯(1)(r)) +
+ 2 (δrs ∂u − δru ∂s) (1
3
3K(1) − 8πG
c3
∑
a¯
γa¯r Πa¯ + ∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c))
])
=
= Ψ
(W )
(1)1(R) + iΨ
(W )
(1)1(I),
5 We have ˆ¯ǫ(1)(1) = n¯(1)(1) n¯(1)(3)/A, ˆ¯ǫ(1)(2) = n¯(1)(2) n¯(1)(3)/A, ˆ¯ǫ(1)(3) = −(n¯2(1)(1) + n¯2(1)(2))/A, ˆ¯ǫ(2)(1) =
−n¯(1)(2)/B, ˆ¯ǫ(2)(2) = n¯(1)(1)/B, ˆ¯ǫ(2)(3) = 0, with A =
√
(n¯2(1)(1) + n¯
2
(1)(2))
∑
c n¯
2
(1)(c) and B =√
n¯2(1)(1) + n¯
2
(1)(2).
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Ψ
(W )
(1)2 = ˆ¯n(r)
[
ˆ¯n(s) W¯(1)τrτs + ˆ¯ǫ(+)(u) ˆ¯ǫ(−)(v) W¯(1)τruv
]
=
= ǫ ˆ¯n(r)
(
ˆ¯n(s) [δrs△ (Γ(1)r + 2φ(1)) + ∂r ∂s (2φ(1) − Γ(1)r − Γ(1)s )]−
− 1
4
[ˆ¯ǫ(1)(u) ˆ¯ǫ(1)(v) + ˆ¯ǫ(2)(u) ˆ¯ǫ(2)(v) − i (ˆ¯ǫ(1)(u) ˆ¯ǫ(2)(v) − ˆ¯ǫ(2)(u) ˆ¯ǫ(1)(v))][∑
w
((1− δru) δuw ∂v − (1− δrv) δvw ∂u) (∂r n¯(1)(w) + ∂w n¯(1)(r)) +
+ 2 (δru ∂v − δrv ∂u) (1
3
3K(1) − 8πG
c3
∑
a¯
γa¯r Πa¯ + ∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c))
])
=
= Ψ
(W )
(1)2(R) + iΨ
(W )
(1)2(I),
Ψ
(W )
(1)3 =
1√
2
ˆ¯n(r)
[
ˆ¯ǫ(−)(s) W¯(1)τrτs − ˆ¯n(u) ˆ¯ǫ(−)(v) W¯(1)τruv
]
=
=
ǫ
2
ˆ¯n(r) (ˆ¯ǫ(1)(s) − i ˆ¯ǫ(2)(s))
(
δrs△ (Γ(1)r + 2φ(1)) + ∂r ∂s (2φ(1) − Γ(1)r − Γ(1)s )−
− 1
2
ˆ¯n(u)
[∑
w
((1− δru) δsw ∂u − (1− δru) δuw ∂s) (∂r n¯(1)(w) + ∂w n¯(1)(r)) +
+ 2 (δrs ∂u − δru ∂s) (1
3
3K(1) − 8πG
c3
∑
a¯
γa¯r Πa¯ + ∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c))
])
=
= Ψ
(W )
(1)3(R) + iΨ
(W )
(1)3(I),
Ψ
(W )
(1)4 =
1
2
[
ˆ¯ǫ(−)(r) ˆ¯ǫ(−)(s) W¯(1)τrτs − 2 ˆ¯ǫ(−)(r) ˆ¯n(u) ˆ¯ǫ(−)(v) W¯(1)τruv −
− ˆ¯n(r) ˆ¯ǫ(−)(s) ˆ¯n(u) ˆ¯ǫ(−)(v) W¯(1)rsuv
]
=
=
ǫ
4
(
ˆ¯ǫ(1)(r) ˆ¯ǫ(1)(s) − ˆ¯ǫ(2)(r) ˆ¯ǫ(2)(s) − i (ˆ¯ǫ(1)(r) ˆ¯ǫ(2)(s) + ˆ¯ǫ(2)(r) ˆ¯ǫ(1)(s))
)
[
δrs△ (Γ(1)r + 2φ(1)) + ∂r ∂s (2φ(1) − Γ(1)r − Γ(1)s )−
− ˆ¯n(u)
(∑
w
((1− δru) δuw ∂s − (1− δrs) δsw ∂u) (∂r n¯(1)(w) + ∂w n¯(1)(r)) +
+ 2 (δru ∂s − δrs ∂u) (1
3
3K(1) − 8πG
c3
∑
a¯
γa¯r Πa¯ + ∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c))
)
−
− ˆ¯n(u) ˆ¯n(v)
(
(δsv ∂u − δuv ∂s) ∂r (Γ(1)v + 2φ(1)) + (δru ∂s − δrs ∂u) ∂v (Γ(1)r + 2φ(1))
)]
=
= Ψ
(W )
(1)4(R) + iΨ
(W )
(1)4(I). (5.2)
Therefore the linearized Weyl scalars are linear functions of Ra¯, Πa¯,
3K(1) and of their
gradients.
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B. The Weyl Eigenvalues
For the Weyl eigenvalues of Eq.(2.9) we get
w(1)1 + i w(1)2
◦
= w¯(1)1 + i w¯(1)2 =
= 2Ψ
(W )
(1)0 Ψ
(W )
(1)4 − 8Ψ1Ψ(W )(1)3 + 6Ψ(W )2(1)2 = O(ζ2),
w(1)3 + i w(1)4
◦
= w¯(1)3 + i w¯(1)4 =
= 6
(
Ψ
(W )
(1)0 Ψ
(W )
(1)2 Ψ
(W )
(1)4 + 2Ψ
(W )
(1)1 Ψ
(W )
(1)2 Ψ
(W )
(1)3 −Ψ(W )3(1)2 −
− Ψ(W )(1)0 Ψ(W )2(1)3 −Ψ(W )(1)4 Ψ(W )2(1)1
)
= O(ζ3),
(5.3)
To have quantities of order O(ζ)to be used in Eqs.(4.5) we must consider functions of the
Weyl eigenvalues like either |w¯(1)1|1/2, |w¯(1)2|1/2, |w¯(1)3|1/3, |w¯(1)4|1/3 or w¯(1)3/w¯(1)1, w¯(1)3/w¯(1)2,
w¯(1)4/w¯(1)1, w¯(1)4/w¯(1)2.
VI. CONCLUSIONS
In these two papers we have found the Hamiltonian expression of the 4-Riemann and 4-
Weyl tensors in the framework of the York basis of canonical ADM tetrad gravity described
by using radar 4-coordinates adapted to a 3+1 splitting of the asymptotically Minkowskian
space-time.
This Hamiltonian description, till now not present in the literature, identifies Hamilto-
nian radar tensors, which coincide with the 4-Riemann and 4-Weyl tensors on-shell on the
solutions of Einstein’s equations. Due to the use of radar 4-coordinates each component of
these Hamiltonian radar tensors is a 4-scalar of the space-time.
We have also introduced a set of Hamiltonian null tetrads, which allow us to obtain the
Hamiltonian expression of the Weyl scalars and of the Weyl eigenvalues. These null tetrads
can be used to make a Hamiltonian reformulation of the whole Newman-Penrose formalism.
In this paper we have also discussed the problem of the determination of the DO’s of the
gravitational field and shown that the use of radar 4-coordinates allows us to define 4-scalar
DO’s which are also BO’s.
We have shown that most probably the Weyl eigenvalues are not BO’s and that their use
is relevant only for the physical identification of the mathematical points of the space-time
4-manifold as point-events labeled by the gravitational field. Therefore, the gravitational
field does not only describe the metric structure of the mathematical space-time, but also
gives a physical reality to it, differently from what happens with Minkowski and Galilei
space-times which are mathematical 4-manifolds absolutely given.
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The main open problem is now the determination of solutions of the super-Hamiltonian
and super-momentum constraints. As we have shown this would allow an explicit deter-
mination of the DO’s of the gravitational field by means of of Shanmugadhasan canonical
transformation to a canonical basis adapted to all the first class constraints.
A connected open problem is to try to understand which are the implications of our
Hamiltonian description of the gravitational field for the canonical quantization of gravity. Is
only the metric structure of the space-time to be quantized or also the space-time 4-manifold
has to be replaced with a more complex (quantized? non-commutative?...) structure?
Appendix A: The Bel-Robinson Tensor and the Second Order Invariants of the
4-Riemann and 4-Weyl Tensors
The results of paper I and Section II allows us to find the Hamiltonian expression of the
Bel-Robinson and of the second order invariants of the 4-Riemann and 4-Weyl tensors.
1. The Bel-Robinson Tensor
By using the expression of the Bel-Robinson tensor 4TABCD =
4T(ABCD) (
4TAACD = 0 )
in terms of the 4-Weyl tensor of Ref. [18] (ηABCD = ǫ ǫABCD/(1 + n)
√
3g, ǫτ123 = 1) we can
get its on-shell Hamiltonian expression (see Eq.I-(2.10) for the 4-metric and (2.3) for the
4-Weyl tensor; (..) and [..] mean symmetrization and anti- symmetrization respectively)
4TABCD =
4CAECF
4CB
E
D
F +
1
4
ηAE
HI ηB
EJ
K
4CHICF
4CJ
K
D
F =
= 4CAECF
4CB
E
D
F − 3
2
4gA[B
4CJK]CF
4CJKD
F ◦=
◦
= C¯AECF C¯BEDF − 3
2
4gA[B C¯JK]CF C¯JKDF . (A1)
The Bianchi identities for the Riemann tensor imply that in vacuum we have
∇A 4TABCD ◦=0.
2. The Second Order Invariants of the 4-Riemann and 4-Weyl Tensors.
As shown in Refs. [19, 20] the 4-Riemann tensor and the 4-Weyl tensor have three
(k1, k2, k3) and two (I1, I2) second order 4-scalar invariants respectively. By using Eqs.(2.3)
and Einstein’s equations I-(2.16) we can get their on-shell Hamiltonian expressions.
1) For the Kretschmann invariant k1 and for I1 we have
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I1 =
4CABCD
4CABCD
◦
=C¯ABCD C¯ABCD,
k1 =
4RABCD
4RABCD = I1 + 2
4RAB
4RAB − 1
3
4R2
◦
=
◦
= I1 + 2 (
8πG
c3
)2 + TˆAB Tˆ
AB. (A2)
2) For I2 and the Chern-Pontryagin invariant k2 we have ([
∗R]ABCD = 12 ηABEF R
EF
CD is
the dual of the 4-Riemann tensor; the double dual is [∗R∗]ABCD = 14 η
ABMN RMN
EF ηEFCD;
for the 4-Weyl tensor we have the same definition and moreover the self-duality property
[∗C∗] = −C)
k2 = [
∗4R]ABCD
4RABCD = [∗4C]ABCD
4CABCD = I2
◦
=[∗C¯]ABCD C¯ABCD. (A3)
3) Finally the Euler invariant is k3 = [
∗4R∗]ABCD 4RABCD = −I1 + 2 4RAB 4RAB − 23 4R2.
Appendix B: The 3-Orthogonal Schwinger Time Gauges and their Linearization
In this Appendix we review the family of 3-orthogonal Schwinger time gauges and the
HPM linearization of canonical ADM tetrad gravity defined in Refs.[6, 7]. We give only the
results in absence of matter to simplify the discussion. Then we discuss what can be said
about the HPM linearization in gauges different (but near) from the 3-orthogonal ones.
1. The 3-Orthogonal Schwinger Time Gauges
This family of non-harmonic gauges is chosen in such a way that the 3-metric in the
3-spaces is diagonal and is defined by the gauge fixings
ϕ(a)(τ, σ
u) ≈ 0, α(a)(τ, σu) ≈ 0,
θi(τ, σu) ≈ 0, 3K(τ, σu) = 12πG
c3
πφ˜(τ, σ
u) ≈ F (τ, σu), (B1)
This family, parametrized by the arbitrary function F (τ, σu), implies 0 =
∂τ ϕ(a)(τ, σ
u)
◦
=λϕ(a)(τ, σ
u) and 0 = ∂τ α(a)(τ, σ
u)
◦
=λα(a)(τ, σ
u). The τ -preservation of the
second half of Eqs.(B1) (the kinematical Hamilton equations 0 = ∂τ θ
i(τ, σu)
◦
=... and the
dynamical Raychaudhuri equation ∂τ F (τ, σ
u)
◦
=∂τ
3K(τ, σu)
◦
=... given in Eqs.(2.12) and (4.5)
of Ref. [5] respectively) generates four coupled elliptic PDE in the 3-spaces for the lapse
and shift functions 6.
6 Instead in the 4-harmonic gauges the lapse and shift functions obey hyperbolic PDE as shown in Eq. (5.4)
of Ref. [5].
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In Refs.[5, 6] there is the explicit form of the Hamilton equations (with matter included)
for all the canonical variables of the York basis in the Schwinger time gauges and their
restriction to the 3-orthogonal ones.
In the family of 3-orthogonal gauges the super-Hamiltonian and super-momentum con-
straints are coupled elliptic PDE for their unknowns, whose expression is given in Ref.[5].
In these gauges the solutions φ˜ and π
(θ)
i (or σ(a)(b)|a6=b) of the super-Hamiltonian and super-
momentum constraints on the 3-spaces Στ are functionals of the tidal variables Ra¯, Πa¯, of
the York time 3K ≈ F and of the matter, all evaluated on Στ .
Therefore, given the Cauchy data for the tidal variables on an initial 3-space, one can find
a solution of of their hyperbolic PDE, which then can be rewritten as a solution of Einstein’s
equations in radar 4-coordinates adapted to a time-like observer in the chosen gauge.
Therefore, as shown in Ref.[5], in these gauges only the tidal variables (the gravitational
waves after linearization), and therefore only the eigenvalues of the 3-metric with unit de-
terminant inside Στ , depend (in a retarded way) on the no-incoming radiation condition.
In these gauges the Hamiltonian variables of the York basis, the 3-geometry of the 3-
spaces (3-Christoffel symbols and 3-Riemann tensor) and the 4-Christoffel symbols are given
by Eqs. I-(2.10), I-(2.12), I-(A1) and I-(3.2) by putting R(a)(b)(α(e) = 0) = δ(a)(b) and
Vra(θ
i = 0) = δra.
In the family of 3-orthogonal Schwinger time gauges the York canonical basis in absence
of matter becomes
ϕ(a) ≈ 0 α(a) ≈ 0 n n¯(a) θr ≈ 0 φ˜ Ra¯
πϕ(a) ≈ 0 π(α)(a) ≈ 0 πn ≈ 0 πn¯(a) ≈ 0 π(θ)r πφ˜ ≈ c
3
12piG
F Πa¯
.
(B2)
To it one has to add the constraints n(τ, σu)−n(S)(τ, σu) ≈ 0 and n¯(a)(τ, σu)−n¯(S)(a) (τ, σu) ≈
0, where n(S)(τ, σu) and n¯
(S)
(a) (τ, σ
u) are the solutions for the lapse and shift functions implied
by the τ -constancy of the gauge fixings. Since there are 10 pairs of second class constraints
(ϕ(a)(τ, σ
u) ≈ 0 and πϕ(a)(τ, σu) ≈ 0, α(a)(τ, σu) ≈ 0 and πα(a) ≈ 0, n(τ, σu)−n(S)(τ, σu) ≈ 0
and πn(τ, σ
u) ≈ 0, n¯(a)(τ, σu)− n¯(S)(a) (τ, σu) ≈ 0 and πn¯(a) ≈ 0), one has to evaluate the Dirac
brackets and then to find the new canonical basis (θˇi, πˇ
(θ)
i ,
ˇ˜
φ, πˇφ˜, Rˇa¯, Πˇa¯) of the reduced phase
space. In this new basis one has to find the form of the remaining 4 pairs of second class
constraints (the super-Hamiltonian and super-momentum constraints and their gauge fixings
πφ˜ ≈ c
3
12piG
F and θi ≈ 0), find again the Dirac brackets and the final physical tidal variables.
2. The Linearized Theory in Absence of Matter in the 3-Orthogonal Schwinger
Time Gauges
As shown in Ref.[6] the HPM linearization in the 3-orthogonal Schwinger time gauges
(after the addition of a suitable ultra-violet cutoff on the matter, when present) implies (ζ
is the first order quantity defining the weak field approximation)
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Ra¯ =
∑
a
γa¯a Γ
(1)
a = O(ζ),
φ˜ = 1 + 6φ(1), N = 1 + n(1), n¯(a) = n¯(1)(a), (φ˜
−1 ∂r φ˜ = 6 ∂r φ(1)),
3K(1) =
12πG
c3
π(1)φ˜ =
1
L
O(ζ) ≈ F(1),
3e¯(1)(a)r = (1 + Γ
(1)
r + 2φ(1)) δar,
3e¯r(1)(a) = (1− Γ(1)r − 2φ(1)) δar,
4g(1)ττ = ǫ (1 + 2n(1)),
4g(1)τr = −ǫ n¯(1)(r),
4g(1)rs = −ǫ 3g(1)rs = −ǫ [1 + 2 (Γ(1)r + 2φ(1))] δrs,
8πG
c3
Πa¯
◦
=∂τ Ra¯ −
∑
a
γa¯a ∂a n¯(1)(a) =
1
L
O(ζ),
3K(1)rs = (1− δrs) σ(1)(r)(s) + δrs [1
3
3K(1) + σ(1)(r)(r) +
+∂r n¯(1)(r) − 1
3
∑
c
∂c n¯(1)(c)] =
1
L
O(ζ). (B3)
For the 3-geometry we get from Eqs. I-(2.12) and I-(A1) (△ =∑a ∂2a)
3Γruv =
1
3
(δru ∂v φ(1) + δrv ∂u φ(1) − δuv ∂r φ(1)) +
+
∑
a¯
γa¯r (δur ∂v Ra¯ + δvr ∂uRa¯ − δuv ∂r Ra¯) +
3Rrsuv = δsv ∂r ∂u (Γ
(1)
s + 2φ(1))− δrv ∂s ∂u (Γ(1)r + 2φ(1)) +
+ δru ∂s ∂v (Γ
(1)
r + 2φ(1))− δsu ∂r ∂v (Γ(1)s + 2φ(1)),
3Rsv = δsv△ (Γ(1)s + 2φ(1)) + ∂s ∂v (2φ(1) − Γ(1)s − Γ(1)v ),
3R = 2(4△ φ(1) −
∑
s
∂2s Γ
(1)
s ). (B4)
In absence of matter 7 the solution of the super-Hamiltonian and super-momentum con-
straints is
7 In Ref. [6] there is the solution for the case in which the matter consists of charged positive-energy scalar
particles plus the electro-magnetic field.
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φ(1) ≈ −1
4
∑
c
∂2c
△ Γ
(1)
c ,
σ(1)(a)(b)|a6=b ≈ 1
2
(∂a n¯(1)(b) + ∂b n¯(1)(a)),
⇓
8πG
c3
π
(θ)
i =
∑
a6=b
ǫiab (Γ
(1)
a − Γ(1)b ) σ(1)(a)(b) =
1
L
O(ζ2) ≈ 0. (B5)
The time constancy of the gauge fixings θi ≈ 0 and 3K(1) ≈ F(1) are coupled elliptic
equations for the lapse and shift functions. They are the kinematical Hamilton equations
for 0 ≈ ∂τ θi ◦=... and the dynamical Raychaudhuri equation for ∂τ F(1) ≈ ∂τ 3K(1) ◦=..., whose
linearized solution is
n(1) ≈ n(S)(1) = −
∂τ
△
3K(1) = −12πG
c3
∂τ
△ π(1)φ˜,
n¯(1)(a) ≈ ∂a△
3K(1) +
1
2
∂a
△ ∂τ
(
4 Γ(1)a −
∑
c
∂2c
△ Γ
(1)
c
)
. (B6)
To express the solution (B6) for n¯(1)(a) as a Hamiltonian constraint we must use the
equation ∂τ Γ
(1)
a
◦
=− 8piG
c3
∑
a¯ γa¯aΠa¯+∂a n¯(1)(a)− 13
∑
c ∂c n¯(1)(c) (see after I-(2.11)) to eliminate
the velocity ∂τ Γ
(1)
a . Its use gives (Zˆab is an elliptic operator in the 3-space and Zˆ
−1
ab is its
inverse)
(
1− 2 ∂a△
)
n¯(1)(a) +
1
2
∂a
△
∑
c
(
1 +
∂2c
△
)
∂c n¯(1)(c) ≈
≈ ∂a△
3K(1) +
4πG
c3
∂a
△
∑
b
(
4 δ(a)(b) − ∂
2
b
△
) ∑
a¯
γa¯bΠa¯,
⇓
∑
b
Zˆab n¯(1)(b)
def
=
∑
b
[
(1− 2 ∂
2
a
△ ) δab +
∂a ∂b
△
]
n¯(1)(b) ≈
≈ 4
3
∂2a
△
3K(1) +
16πG
c3
∂2a
△
∑
a¯
γa¯aΠa¯,
⇓
25
n¯(1)(a) ≈ n¯(S)(1)(a) =
16πG
c3
∑
b
Zˆ−1ab
∂2b
△ (π(1)φ˜ +
∑
a¯
γa¯bΠa¯).
(B7)
Eq.(B7) gives the Hamiltonian expression of the linearized shift function of the 3-
orthogonal gauges.
Once the lapse and shift functions have been determined, we have the expressions
λn
◦
=∂τ n(1) and λn¯(1)(a)
◦
=∂τ n¯(1)(a) for the remaining Dirac multipliers.
3. The Linearization in Arbitrary Gauges near the 3-Orthogonal Gauges
Let us now consider the possibility of studying the HPM linearized theory by relaxing
the gauge fixings (B1) with the only restriction to be near the 3-orthogonal gauge where
the 3-metric is diagonal. Therefore we require θi(τ, σu) = θi(1)(τ, σ
u) = O(ζ) 6= 0, so that
we have Vra(θ
i
(1)) = δra − ǫrai θi(1) (see after Eq. I-(2.9)), and we put no restriction on
the York time 3K(1)(τ, σ
u) = 12piG
c3
πφ˜(1)(τ, σ
u). The relax of the conditions ϕ(a)(τ, σ
u) ≈ 0
and α(a)(τ, σ
u) ≈ 0 defining the Schwinger time gauges is irrelevant for all the quantities
depending only on the 4-metric. Only the general cotetrads I-(2.5) depend upon these six
gauge variables.
In Eqs.(B3) there is the following modification of the triads and cotriads 3e¯(1)(a)r =
(1 + Γ
(1)
r + 2φ(1)) δar − ǫrai θi(1), 3e¯r(1)(a) = (1 − Γ(1)r − 2φ(1)) δar − ǫrai θi(1), which leaves the
linearized 3-metric in the diagonal form (the deviations from 3-orthogonality appear at the
second HPM order). As can be checked from Eqs. I-(2.12) and I-(A1) the 3-geometry on
the 3-space (namely the 3-Christoffel symbols and the 3-Riemann and 3-Ricci tensors) do
not depend on θi(1).
The solution of the super-Hamiltonian and super-momentum constraints does not depend
on θi(1) .
For the super-Hamiltonian constraint we have the solution φ˜ ≈ 1 + 6φ(1) with φ(1) of
Eq.(B5) also for θi(τ, ~σ) = θi(1)(τ, ~σ) = O(ζ) 6= 0.
The Raychaudhuri equation (4.5) of Ref.[6], ∂τ
3K(1)
◦
=△ n(1), remains unchanged if
θi(τ, ~σ) = θi(1)(τ, ~σ) = O(ζ) 6= 0. Therefore the determination of the lapse function de-
pends on the τ -preservation of the gauge fixing for 3K(1), when added, like in 3-orthogonal
gauges.
The solution of the super-momentum constraints with θi(τ, ~σ) = θi(1)(τ, ~σ) = O(ζ) 6= 0
remains σ(1)(a)(b)|a6=b ≈ 12
(
∂a n¯(1)(b) + ∂b n¯(1)(a)
)
, implying π
(θ)
i ≈ 0 in the York canonical
basis. This result derives from Eqs. (4.5) and (6.9) of Ref.[5]: if ∂τ θ
i
(1) 6= 0 replaces zero
in Eqs.(6.9) of Ref.[5], then Eq.(6.10) of Ref.[5] (and (2.11) of Ref.[6]) has the extra term
(QaQ
−1
b − QbQ−1a )
∑
i ǫabi ∂τ θ
i
(1) = 2 (Γ
(1)
a − Γ(1)b )
∑
i ǫabi ∂τ θ
i
(1) + O(ζ
3) = O(ζ2) at the
second member. But it is higher order, so that Eqs.(4.8) of Ref.[6] (the super-momentum
constraints as equations for σ(1)(a)(b)|a6=b) and (4.9) of Ref.[6] (for the shift function n¯(1)(a))
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remain valid also with θi(τ, ~σ) = θi(1)(τ, ~σ) = O(ζ) 6= 0, i.e. near the exact 3-orthogonal
gauge θi ≈ 0. Therefore Eqs.(B5) remain valid.
As a consequence the shift functions are still determined and have the expression implied
by Eqs.(B6) and (B7) like in 3-orthogonal gauges.
In conclusion all the gauges of the HPM linearization with θi(τ, ~σ) = θi(1)(τ, ~σ) = O(ζ) 6= 0
are 3-orthogonal like those with θi ≈ 0: the deviations from 3-orthogonality appear only at
the second HPM order (the 3-orthogonal gauges are a stationarity point into the space of
gauges).
The York canonical basis of the HPM-linearized theory in these gauges takes the form
ϕ(a) α(a) 1 + n(1) n¯(1)(a) θ
r
(1) φ˜ ≈ 1 + 6φ(1) Ra¯
πϕ(a) ≈ 0 π(α)(a) ≈ 0 πn ≈ 0 πn¯(a) ≈ 0 π(θ)r πφ˜ Πa¯
(B8)
To it one has to add the 3 pairs of second class constraints n¯(a)(τ, σ
u) − n¯(S)(a) (τ, σu) ≈ 0
and πn¯(a) ≈ 0 for the evaluation of the Dirac brackets and the determination of the canonical
basis of the reduced phase space.
A final Shanmugadhasan canonical transformation like the one of Eqs.(4.2) now gives the
following final canonical basis
ϕ(a) α(a) 1 + n(1) n¯(1)(a) θ
r
(1) φˆ ≈ 0 Rˆa¯
πϕ(a) ≈ 0 π(α)(a) ≈ 0 πn ≈ 0 πn¯(a) ≈ 0 π(θ)r ≈ 0 πφ˜ Πˆa¯
φˆ = φ˜− 1− 6φ(1) = φ˜− 1 + 3
2
∑
c
∂2c
△ Γ
(1)
c (τ, ~σ) ≈ 0,
Rˆa¯ = Ra¯,
Πˆa¯ = Πa¯ +
3
2
∑
a
γa¯a
∂2a
△ πφ˜, (B9)
which however has to be restricted with the second class constraints n¯(a)(τ, σ
u)−n¯(S)(a) (τ, σu) ≈
0 and πn¯(a) ≈ 0.
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